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Bound states in N’ = 4 SYM on T3:Spin(2n) and
the exceptional groups

Mans Henningson, Niclas Wyllard

Department of Fundamental Physics, Chalmers University of Technology,
S-412 96 Goteborg, Sweden
E-mail: pans@fy.chalmers.sd, wyllard@fy.chalmers.sdq

ABSTRACT: The low energy spectrum of (3+1)-dimensional N’ = 4 supersymmetric Yang-
Mills theory on a spatial three-torus contains a certain number of bound states, character-
ized by their discrete abelian magnetic and electric 't Hooft fluxes. At weak coupling, the
wave-functions of these states are supported near points in the moduli space of flat connec-
tions where the unbroken gauge group is semi-simple. The number of such states is related
to the number of normalizable bound states at threshold in the supersymmetric matrix
quantum mechanics with 16 supercharges based on this unbroken group. Mathematically,
the determination of the spectrum relies on the classification of almost commuting triples
with semi-simple centralizers. We complete the work begun in a previous paper, by com-
puting the spectrum of bound states in theories based on the even-dimensional spin groups
and the exceptional groups. The results satisfy the constraints of S-duality in a rather
non-trivial way.
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1. Introduction

Recently, we initiated a study of the low-energy spectrum of (3+1)-dimensional N = 4
supersymmetric Yang-Mills theory on Rx7T? [, by considering the cases based on SU(n),
Spin(2n+1) and Sp(2n). In this paper we consider the remaining cases, i.e. the even-
dimensional spin groups and the exceptional groups.

Since the N' = 4 Yang-Mills theory contains only adjoint fields and is formulated on
a spatial three torus, its states can be characterized by the discrete abelian magnetic and
electric t Hooft fluxes m and e [B. We have

m e M~ H*(T3,C) (1.1)
e € E~Hom(H (T3 C),U(1)), (1.2)

where C' is the center of the simply connected cover G of the gauge group. By a choice of

three one-cycles generating Hi(T3,7Z) ~ (Z)3, we may identify m and e with triples valued
in C:
m = (ma3, mz1,m1a) € C° (1.3)
e = (e1,eq,e3) € C°. (1.4)



Not all combinations of m and e may appear in a gauge theory, though: If the gauge group
is a simply connected group G, we have m = 0 and e can be arbitrary, whereas if the gauge
group is G/C, we have m arbitrary and e = 0. There are also intermediate cases where the
gauge group is given by the quotient of G by a non-trivial proper subgroup of its center C.
We will, however, be slightly more general and consider all combinations of m € C3 and
e € C3.

The wave-functions of low-energy states are supported near flat connections on the
gauge bundle. Such a connection is classified by its holonomies U;, i = 1,2,3 along the
non-trivial cycles of T3. The holonomies commute when regarded as elements of the gauge
group, but when lifted to the simply connected cover G they need only be almost commuting
in the sense that

U;Uj = m;U;U; (1.5)

where the m;; are the components of the magnetic 't Hooft flux. Gauge transformations
that are continuously connected to the identity act by simultaneous conjugation on the
U; by an element of the gauge group. At a generic point in the moduli space of gauge
equivalence classes of such almost commuting triples, the gauge group is broken to a sub-
group that contains an abelian factor. The corresponding quantum states are then not
normalizable because of the abelian scalar fields. But points in the moduli space where
the unbroken gauge group is semi-simple gives rise to bound states of exactly zero energy;
the theory in a neighborhood of such a point may be modelled by supersymmetric matrix
quantum mechanics with 16 supercharges based on the Lie algebra of the unbroken gauge
group, and such quantum mechanical theories are believed to have bound states [{, H,
which in turn lead to bound states in the A" = 4 Yang-Mills theory on RxT3. (This argu-
ment is best carried out in the weak coupling limit, but it is expected that the spectrum
of low-energy states is invariant under continuous deformations of the theory, allowing for
an interpolation between the strong and weak coupling regimes.) Diagonalizing the action
of large gauge transformations, which act by multiplication of the holonomies by elements
of the center of the gauge group, gives a spectrum of values of the electric 't Hooft flux e.

The spectrum of low energy states of the Yang-Mills theory should be invariant under
S-duality [fl], which (using multiplicative notation) acts on the electric and magnetic 't
Hooft fluxes as follows:

)+— (m,em) as 7— T +1

T: (
g, (1.6)

m,e
(m,e) — (e,m™1) as 7+— —1/7.

In our previous paper, we showed that this gives a overdetermined set of equations for
the dimensions of the spaces of bound states in quantum-mechanical models based on the
classical matrix Lie algebras. (In that paper, in addition to normalizable states, we also
considered continua of states of arbitrarily low energy, but this yields essentially no further
information.) In the present paper, we will get further checks on these results and also
(almost) determine the number of bound states for the quantum mechanical models based
on the exceptional Lie algebras. In fact, S-duality implies that the spaces V; of normalizable



states in supersymmetric quantum mechanics based on the Lie algebra s must obey

1 for s ~ su(n)
# of partitions of n into
distinct odd parts for s ~ so(n)
# of partitions of n into
dim V, = distinct parts for s ~ sp(2n) (1.7)

24+ Ag, for s ~ Gy
4+ Ap, for s ~ Fy
3+ Ag, for s ~ Fg
6+ Ap, for s ~ E7

[ 11+ Apg for s >~ Eg

for some undetermined integers Ag,, Ap,, and Ag,. We would like to remark that if one
takes Ag, = Ap, = Ap, = 0, our results agree with those obtained by Kac and Smilga [
for the number of ground states in the mass-deformed (N = 1*) theories. In the following
we will for simplicity assume that these are indeed the correct values; it is trivial to insert
other choices of Ag,, Ap,, and Ag, in our formulas if one wishes to do so.

In the next section, we consider the cases based on the even-dimensional spin groups
Spin(2n) (where one needs to distinguish the cases where the dimension 2n equals 0 or
2 modulo 4), and in the last section we consider the exceptional groups G, Fy, Fg, Er,
and Fgs. The case by case analysis is rather tedious and we will mostly content ourselves
with giving the results. More details can be found in our previous paper [] Very useful
background material from mathematics and physics can also be found respectively in [f]
and [fi]. Finally, we would like to remark that we expect a more intuitive explanation of

the findings of this and our previous paper to be forthcoming.

2. The even-dimensional spin groups

The centre of G = Spin(2n) is C = {1,—1,T', —T'}, where ' = 7; - - - ¥9,,. Since I'2 = (-1)",
the centre is isomorphic to Z4 when n is odd, i.e. for Spin(4k + 2), and is isomorphic to
ZoxZs when n is even, ie. for Spin(4k). (For all n, {1,—1} is the Zy subgroup of the
centre which upon quotioning G by it gives the SO(2n) theory.) Using the same notation
for the elements of the centre of Spin(4k + 2) and Spin(4k) allow us to treat some aspects
of these two classes on a common footing. A slight drawback is that this notation does not
stress the differences between Spin(4k+2) and Spin(4k).
As in [}, we wish to compute the generating function

o0
f(m,e) = Z q2”mult(s]pin(2n) (m,e), (2.1)
n=0
where multgpin(%) (m, e) denotes the number of bound states in the Spin(2n) theory with
discrete 't Hooft fluxes (m,e) € C3 x C3. Even though the formulse we obtain can be
written in such a way that they are valid in both Spin(4k) and Spin(4k+2), we will treat
these cases separately when it leads to increased clarity.



For Spin(4k), the equivalence classes of m modulo the action of the SL(3,7Z) mapping
class group of T may be represented by the following elements of C3:

m i components
(]L ]lv ]l) 1 M2k7 M2k74
(1,1,-1) 7 Mop_9, Mby (2.2)
(1,1,T) 7 My Ml Mi—g, Mj_
(1,-T,-T) 7 My, Ml Mg, Mj_

(—]I,F,F) 42 Mk;—la M;{;—l’ Mk—Q’ M%_Q’

where we have indicated the cardinality of the SL(3,Z) orbit and the different components
of the moduli space of flat connections with the rank of the unbroken subgroup as a
subscript. The cases m = (1,I',T") and m = (1, —T", —T") are related by the automorphism
that exchanges the two spinor representations.

For Spin(4k+2) we find instead:

m +# components
(1,1,1) 1 Moagy1, Maog_3
(1,1,-1) 7 Mog_1, M% 1
(]I’F’F) 56 Mlglzl’ Ml(e 1 Mg’)l’ Mgl)l

(2.3)

To describe the results, we define [, ] the generating functions for the number of

bound states in so(n) and sp(2n) quantum mechanics:

= an dim ‘/so(n) = H(l + q2k71) (24)
n=1 k=1

[e.9] oo
= Zq% dim Vi, H 14 ¢* (2.5)
n=1 k=1
We will also need the decomposition of P(q) into its even and odd powers:

Peven(Q) - (P(Q) + P(_Q)) (26)

1
2
1
Poaa(a) = 5 (P(g) = P(=q)). (2.7)
2.1 The components with vector structure

From the above tables we see that the moduli spaces corresponding to the SL(3,Z) or-
bits represented by m = (1,1,1) and (1,1, —1) can be given a common formulation for
Spin(2n). For these values of m, it is always possible to embed the holonomies into a
[Spin(l) xSpin(2n — )] /~ subgroup of Spin(2n), where the equivalence relation ~ identi-
fies the —1 elements of the two factors.

As in [, the part of the holonomies contained in the Spin(l) factor can be constructed

—~

from the following eight building blocks (which one may visualise as the corners of a cube):

1 0% 1 1 0% 0% 1 0%
L O I O O o I I U O o I 0 U I B I B0 I (2.8)
1 1 1 Y 1 g Y g



Here v denotes one of the usual gamma matrices 7, ...,7;. Not all combinations of the
above building blocks give rise to holonomies that lie in Spin(l) (since each entry in (R.§)
can be viewed as a Pin(1) element). In addition to the [ = 1, 3,5, 7 possibilities used in [i]
to describe the moduli spaces for G = Spin(2n+1) one can also have [ = 0,4, 8.

2.1.1 The m = (1,1,1) components

On the M,, component, the holonomies are

Uy t1
Uy | =t |, (2.9)
Us t3

where the ¢; belong to a maximal torus 7™ of Spin(2n). An explicit representation is

1
t; = exp(§ Z Gﬁfyl’ylﬂ) (2.10)
[ odd

In this paper we are only interested in the points of the moduli space where the unbroken
gauge group is semi-simple. Such gauge enhancement occurs at the points where all 6! €
{0,7}. At these points, the t; reduce to a product of 1 and ;41 factors. The various
possibilities can be seen as selecting an even number for each of the eight possibilities
in (2.§).

Enhanced @%_, s0(2n;) symmetry occurs when

2 2 2 2
t o 1\ 2™ - ngg\ 2 - ns
tg == €9 1 Y 1 Y . (211)
t3 €3 1 1 y vy

Here €1, €2 and e3 are sign factors. Depending on how many of the n;’s are non-zero
(i.e. how many of the eight corner points of the cube are occupied), some or all of these
may be removed by gauge transformations (see [[lf]).

On the M,,_4 component, the holonomies are

U1 Myl 1 11 t
Uy |=71m7r211pn%11 ta |, (2.12)
Us 71Ty 1y 171 t3

where the t; belong to a maximal torus 7"~ of Spin(2n — 8).

When the t; take the form (B1T)), enhanced @_, so(2n; + 1) symmetry occurs. Since
all eight corner points are occupied, all sign factors ¢; can be removed. This implies
that the center element —1 acts trivially, so there are no contributions for e = (1,I',T"),
e=(1,-I',-TI), or e = (—1,I",T"). (For Spin(4k + 2) these values of e are all related by
SL(3,Z); for Spin(4k) they represent distinct orbits.) But I" may have a non-trivial action
(and acts in the same way as —I'). It acts trivially in all directions if all eight points on the
cube are equally occupied, two combinations act trivially if the points within each of two



parallel planes are equally occupied, and one combination acts trivially if the points within
each of four parallel lines are equally occupied. Furthermore, the total number of states
is easily seen to be P3,,(¢). In this way, one finds that the contribution for e = (1,1,1)
is 1P8,,(¢) + LP4,,(¢?), and the contribution for e = (1,1,—1) is £P54(q) — £ Pha(d?).
Note that the terms with argument equal to ¢ only contribute in the Spin(4k) theories.
On the M,, component, depending on the number of occupied points, a number of
relations between the signs €; = & may be imposed by conjugation (see [[]] for a discussion).
Assume first that three independent sign relations may be imposed. The calculation is then
analogous to the M,_4((1,1,1)) case, and yields the contribution § PS5, (q) + §Pies(¢?)
for e = (1,1, 1), and the contribution § PS5, (q) — § Paen(¢?) for e = (1,1, —1). In total, we

thus get

AL L,1),(1,1,1)) = SPoddU ;Podd< >+8P§ven<>+;Péven< ) )

f((]l7 ]l7 11)7(]17117_11)) 8Podd( ) 8P§dd( )+ 8P§ven( )_§Pe4ven( 2)' (2'14)
Including also the €; signs gives extra states, but these have e taking one of the 56 values
where at least one component equals I' or —I'. So far the above results are thus actually
correct. One extra state occurs when only one of 2 - 7 possible planes is occupied. (Three
extra states occur when only one line is occupied, but this case has already appeared within
three of the single plane cases. Finally, seven extra states occur when only one point is
occupied, but this has already occured within seven of the single plane cases.) Consider
the two cases when the occupied plane is orthogonal to a given direction. There are a total

of P4

ven (@) extra states for each of the values I' and —TI" of the corresponding component

of e. The element I' may act non-trivially along the plane (and —I" acts in the same way,
unless we are in the case where only a line is occupied). Two such transformations act
trivially if the whole plane is equally occupied, and one acts trivially if the points within
each of two parallel lines are equally occupied. In this way, one finds that

3

AL 1,1, (1T T) = 4Pﬁven< 0+ 2P .15
FUL L), (1, T, 1)) = Pon(a) + 5 Pen(a?). (216)

Using that the total number of states is PS5, () + 14Pa., (g), one finally finds that
AL LD, (CLID) = 2P ()~ S P2 (ad). .17

Again, the terms with the argument g2 only contribute in the Spin(4k) theory. This is in
agreement with the fact that, in the Spin(4k+2) theory, the above three entries belong to
the same SL(3,Z) orbit.

2.1.2 The m = (1,1, —1) components

On the M,,_s and M/ _, components, the holonomies are

U e 11 ty
Upl=1m1m1 ta |, (2.18)
Us 11 11) \t



Uy y12 1 1 1
U2 == Y1 1 Y3 1 tg (219)
Us Y1 Y2 V3 V4 t3

respectively, where the t; belong to a maximal torus 7"~ 2 of Spin(2n —4). The signs €; and
€5 can be removed by conjugation. Whether €3 can be removed depends on the number of
occupied points (see [[l]). Enhanced so(2ny +1)@...®s0(2n4+ 1) ®so(2ns) & ... M so(2ng)
and so(2n1) @ ... ®so(2ny) Bso(2n; +1) D ... d 50(2718 + 1) symmetry respectlvely occurs
when the ¢;’s take the form (2.11).

Assume first that the sign €3 may be fixed. The total number of states on the two
components is then 2P2 ., (¢)P4(q), and the center element —1 acts trivially in all three
directions. T' (or equivalently —I') always acts non-trivially in the 3-direction. It acts
trivially in the 1- and 2-directions if the points within both the odd and even planes are
equally occupied, and it acts trivially in one direction if the points along all lines in that
direction are equally occupied. In this way, one finds that

A1, -1, (1,1,1)) = ZP§VGH< DPaa(a) + 5 Pon @) Poiala®)  (2:20)
£ 11, (1,1, 1)) = ZPéven< D) Pha(a) + jpzven< VPhal)  (221)
f<<1uu—11>,<11,—1ul>>:ZPéven< O Pha(a) - 4Pe%en( PPl (222)

P 1), (1, -1, 1) = {PAen@)Pha(a) — {Poan(@ P2 (223)

Note that again the terms with ¢? argument only contribute in the Spin(4k) theory. When
only the odd plane is occupied, the sign e3 is relevant and gives P;ldd(q) extra states for
each of the values e3 = I" and e3 = —I". The action of I" (or equivalently —TI") in the 1- and
2-directions is as before. In this way, one finds that

P11, (L0T)) = Pha(a) + 5 Poagl?) (224)
F((1L1,-1), (1,1,-T) = 4Podd<>+§P3dd<q2> (225)
F((1L1,-1), (1,-1T) = 4Podd<> 1Poa() (226)
P, =1), (1,-1,-T)) = { Pha() = {Pald?) (227)

Again the ¢? corrections only appear in the Spin(4k) theory as required by SL(3,Z).

2.2 The components without vector structure

Next we turn to the remaining cases, i.e. the choices of m that involve at least one of I’
and/or —I". For these values of m, it is always possible to embed the holonomies into
a [Spin(2l) x (SU(2)L, x SU(2)R)("_W2] /~ subgroup of Spin(2n), where the equivalence
relation identifies the element —1 of Spin(2/) with the element (—1, —1) of each SU(2), x
SU(2)g factor. When n (and [) is even, the center of Spin(2n) is generated by I' =



(Ty, (1, =1)™=D/2) where Ty = 71 --- 7y is a generator of the center of Spin(2l). For n
(and 1) odd, one also needs —I' = (=T, (1, —1)("~1/2)) to generate the full centre.

The part of the holonomies contained in the Spin(2[) factor can be constructed from
six different building blocks, which can be taken to be e.g.:

%(1 + 7iv5) %(1 + 7iv5) o
» ,j% Vi) (2.29)
J J J

T =) |, =) |, T =)

5 (i +75) 75— 775) 75 (L +7)

Each entry can be viewed as an element in Pin(2) and not every combination corresponds
to an element in Spin(2[) (i.e. contains only even numbers of gamma matrices). It turns
out that only [ = 0,2, 3,4,6 are possible. Depending on which combinations are selected,
one of the values m = (£1, £T", £T") arises.

We should stress that there is nothing special about the above construction; any con-
figuration in Spin(2l) which is such that it satisifies the right relations and breaks the
so(2l) symmetry completely will work as a basis for the construction of a component of the
moduli space.

For later purposes it is useful to reduce the above Pin(2) expressions to O(2) matrices

—i0y —ioy 0, o o o
o, , o, , | oz |, or |, | ioy |, ioy |- (2.29)
o —0, O —0y 10y —1i0y

Using these building blocks instead will lead to holonomies that belong to SO groups rather
than Spin groups.

2.2.1 The m = (1,T,T") and m = (1,-I', —T') components for G = Spin(4k)

For the Mj, and M) components, there is no prefactor involving the building blocks
in (2.28). The holonomies belong to a maximal torus of Spin(2k) and can be writ-
ten in terms of gamma matrices. However, it will be more convenient to use an
[SU(2) x SU(2)]¥ / ~ subgroup of Spin(4k), where the equivalence relation identifies the

elements (—1, —1) of the k factors, and write the holonomies as

k-1

Uy S1 A t1 A i
U2 = S92 = B s to B s to . (230)
Us S3 +B t3 B t3

Here the fixed SU(2) elements A and B obey AB = —BA (e.g. A =10, and B = io,) and
each t; belong to a maximal torus of SU(2). The signs label the two components. Note that
the + signs can be moved to any of the other k — 1 factors, and thus the above expression
is symmetric under permutation of the k factors.



Enhanced sp(2n1) @ sp(2n2) @ so(2n3) @ ... @ so(2ng) symmetry occurs when

k ni no n3 na . ns . ne . nr . ng
1 1 1 1 1 103 103 103 103
tg = 1 1 ’i0'3 i03 1 1 i03 ’i0'3
t3 1 -1 103 —’i0'3 1 -1 i03 —’i0'3

These eight possibilities can be visualised as the corners of a cube. Why the unbroken gauge
symmetry is precisely as above can be understood as follows: The (8k? — 2k)-dimensional
adjoint representation of Spin(4k) decomposes under [SU(2) x SU(2)] x - - - x [SU(2) x SU(2)]
as

1

B3 )@ (L8, )@ gh(h—1)(,2,2,0.,2,2,.0). (2.32)

The (3,1) generators are always broken. The (1,3) generators are unbroken for ny and na,
and broken to to a single generator for the other n;. The spectrum of A® A and B® B in
the (2,2) representation of SU(2) x SU(2) is easily determined to be:

A®A 11 -1-1
. 2.
(B@B)e{l—l 1 —1} (2:33)

from which one can deduce the number of unbroken generators coming from the
(...,2,2,...,2,2,...) pieces.

From the expressions for the holonomies given earlier, we see that the center element
I' = [(=1,1)]* acts trivially in the 1 direction. It acts non-trivially and equally in the 2-
and 3-directions, unless the two planes are equal (i.e. ng_1 = ng;). The center element
—1 = ((—1,-1),[(1,1)]*~1) acts non-trivially in the 1-direction if and only if ns = ng =
ny = ng = 0 (similar statements hold for the other directions). In this way, one finds the

contributions
AL TT), (L1, 1) = Q0 Phan(@®) + 5 QU Fhnla®) (230
A(LTD), (1, -1, 1)) = Q@) Phn(d®) — 5QU ) Pon(a)  (235)
(LT, (1T,1) = SQ ¢ Plan(a®) + 5Q(a ) Phenla’)  (236)
Fl(LT,T), (1, T, 1)) = Q) Fhan@?) — 3R Pnla)  (237)
ST T), (0 1,1) = 2@ @) P (@) + 30 ) Panla’)  (2:39)
A1, T), (0,1, -1) = Q¢ Pn(@®) — 5@ Ponla) (239
F(LT,T), (DT,T)) = 2020 Phen () + 3R Povna®)  (2.40)
F(LT,T), (0,1, 1)) = SQ @) Phn(d”) — 5Q(a ) Prvn(a’). (241)
For the Mj,_3 and M) _5 components, the holonomies are

of 3 (1 +7172) (1 + 7374) 9678710712 51
Uz | = | 1927105 = 76) (77 = 1) (1 = 19710)(1 = 711m12) | | s2 |+ (2.42)

Us 17293 = 76) (97 +98) (1 = 19710) (L +711712) )\ 83



where (s1,s2,s3) is of the same form as in (R.3(). To find the enhanced symmetry we
again look at the spectrum. The (8k? — 2k)-dimensional adjoint representation of Spin(4k)
decomposes under Spin(12) x [SU(2) x SU(2)] x --- x [SU(2) x SU(2)|Spin(4k — 12) as

66,..)® (k—3)[(L,....3,1,..)@(L...,1,3,...)] (2.43)
@(k—3)(12,...,2,2,...)69%(k—3)(/<:—4)(...,2,2,...,2,2,...).

In addition to the above results, one also needs to determine spectrum of the prefactor
in (B-42) tensored with the triplet (A, B, B) in the (12, 2) representation of Spin(12)xSU(2).
Since we need the vector representation, it is convenient to reduce the Spin(12) expression
to SO(12) using (R:29). The result of the calculation is that enhanced sp(2n) @ sp(2n2) @
so(2n3 4+ 1) @ ... @ so(2ng + 1) symmetry occurs when the t;’s take the values in (2.31).

The analysis for these components is analogous to the one for the preceeding cases,
with the difference that all center elements (—1, I' and —I") act trivially in the 1-direction.
The resulting contributions are:

fis((LT,D), (L1,1) = SQ°() Paa(a®) + 5@ Blagla®) (240
fis((LT,T), (1,-1,-1) = 2@ Plaald?) — 5Q(a") Plala®)  (2.45)
fis((LT,T), (LT 1)) = 20X Phuala®) + 5Q(a) Pala’)  (2.46)
fis((LT,D), (1, T, -T)) = 2QX(@*) Plaald®)  5QUa ) Plaala’) . (2.47)

The total partition functions for these values of m are given by f(m,e) = fr(m,e) +

fr—s(m,e).

2.2.2 The m = (1,I',T') components for G = Spin(4k + 2)

For the MIE;C—)l’ c=0,1,2,3 components, the holonomies are

Ui (1 +v172)71% 51
Uz | = | 372013 = 74)(1 = 5%) s2 |, (2.48)
Us 572(73 — 74) (1 = 57%6) 53

and
Ui (L4 7172)74% s1
Us | = | 372073 =) = 5%) | | 52 | (2.49)
Us 571 (3 + ) (1 +7576) 53

where again (s1, s2, s3) is of the same form (with a suitable dimension) as in (R.3()).
The enhanced symmetry is determined as above by using that the 8% + 6k + 1 dimen-
sional adjoint representation of Spin(4k + 2) decomposes as

(15,..)@ (k=1 [(1,...,3,1,..)®(1,...,1,3,..) & (6,...,2,2,...)] (2.50)

S=k-—1k=-2)[..,2,2,...,2,2,...)].

N |
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It can be shown that enhanced

sp(2n1)®sp(2na)@so(2n3+1)Bso(2n4) Bso(2ns+1)@Bso(2ne)Bso(2n7+1)Bso(2ng) (2.51)
and

sp(2n1)@sp(2ny) Dso(2n3)@so(2ns+1)Bso(2ns)Bso(2ne+1)Dso(2n7)@so(2ng+1) (2.52)

symmetry respectively occurs when the ¢;’s take the values in (R.31)).

On the first holonomy, the centre acts trivially (up to gauge conjugation) and on the
second and third it acts equally and freely (again up to gauge conjugation). From this it
follows that

f((]l7 Fa P)a (]la ]l7 ]l)) = QQ(q2)ngen(q2)P§dd(q2)
f((]l’ Fa F)a (]l’ _]15 _]l)) = QQ(QQ)Pegven(qQ)Pg’dd(QQ) (253)
f((]l7 Fa P)a (117 Fa P)) = QQ(q2)ngen(q2)P§dd(q2)
f((]la F, F)? (]15 _Fa _F)) = QQ(QQ)Pegven(qQ)P(?dd(QQ)‘
2.2.3 The m = (—1,T",T') components for G = Spin(4k)
On the Mj,_; and M)_, components, the holonomies are
(o} 514+ 772) (1 +y37) s1
U2 = Y274 S9 y (2.54)
Us Y273 S3

where (s1, $2,s3) is of the form (R.3(). Note that there are two other ways to select two

columns from (R.2§) which give values of m in same orbit as the above choice.
By analysing the spectrum as above, one finds that enhanced gauge symmetry

sp(2n1) &sp(2n2) Bso(2n3+1) @so(2ng+ 1) Bso(2ns5) Gso(2ne) Bso(2ny) Gso(2ng) (2.55)

occurs when the t;’s take the values in (2.31)).
On the Mj,_o and M) _, components, the holonomies are

Ui V27476778 S1
Us | = | 3(r1 —2) (93 — 7)1 = 7576) (1 — v77s) sy |, (2.56)
Us v = 72) (3 + 74) (1 — v576) (1 + 777s) s3

where (s1, $2,53) is of the form (R.30). Again there are two other ways to select four

columns from (R.2§) which give values of m in the same orbit as the above choice. Note
that (R.56) is the ‘complement’ of (R.54), cf. [{].
One finds that enhanced gauge symmetry

sp(2n1) @ sp(2n2) @ so(2ng) @ so(2n4) @ (2.57)
®so(2ns + 1) @ so(2ng + 1) @ so(2n7 + 1) @ so(2ng + 1)
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occurs when the t;’s take the values in (2.31)).

Fight of the 64 large gauge transformations may be compensated by conjugation with
= UfUéUé” for k,l,m = 0,1, so only 64/8 = 8 different values of e appear. The
corresponding partition functions are given below

FULTT), (L1,1)) = SQ(@)Pial6?) P (6%) + Phaa(0) P ()]

+ 5 Q) Paa (6 P (a") + Phaala") Poven (0]

FLELD), (LE,T) = 206 Poaa(0?) Pl (@) + Phaa (6) P ()]
+ 3 QU Poaa(0) Pn(a") + Pia(4") Pvena?)]
P, (1,1, -1)) = SQ ) Poa(a?) Phen(a?) + Piaa(6?) Pl ()]
— 5 Q) [Poaa(q") Pren(a") = Poaa(d") Peven(¢")]
FULTT), (<1, T, -T)) = S Q@) [F2aq(0%) Pl (6) + Piaa(¢?) PR (a2)]

QY Poaa (1) Pl (%) — Pia(d") Poven ()]

2
FULTLT), (11, 1) = 5036 Phaale®) + 5Qa) Paaa(a)
FULT,T), (<11 1)) = 2Q%(¢°) Pag(a®) + 5Q(a") Poaa(a?) (2:59)
f<<—ﬂ,r,r>,<r,—1,—ﬂ>>:%@% ) Posald®) ~ 5Q(a") Poaala*)
F-LI,T), (T, D, -1)) = Q%) Poaald?) — 5Q(a") Poaala?).

2.3 Orientifold interpretation

As discussed in [, §, [l the above moduli spaces can be described in terms of orientifolds.
This language is convenient since it immediately gives the unbroken gauge symmetry. When
the components of m are 1 or —1, the relevant orientifold contains eight O~ orientifold
planes. As usual, n D-branes located at one of these O~ planes leads to so(n) gauge
enhancement. A single D-brane stuck at one of the eight O~ orientifold planes corresponds
to the eight building blocks in (B.§). Thus the prefactors contained in Spin(l) correspond
to configurations of stuck (‘fractional’) branes. In addition, each of the the parameters
in (R.10) correspond to the location of a brane-mirror pair. When the components of
m contains at least one of I or —I', the relevant orientifold contains two O and six
O~ planes [{, where n D-branes located at one of the OT planes leads to sp(n) gauge
enhancement. Only the O~ planes can support an odd number of branes, and a single
stuck D-brane at one of six O~ planes corresponds to the six building blocks in (R.2§). The
Spin(2!) prefactors (zero-rank triples) are again constructed from the stuck branes. The
part in (R.3() describes brane-mirror pairs. Note that the total number of branes in the
207" 6 O~ orientifold is only half the number in the 8 O~ orientifolds.
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2.4 S-duality

S-duality is the statement that the number of bound states with quantum numbers (m, e)
should agree with the number of states with (e, m~1) (we write m~! rather than —m since
we are using multiplicative notation). Looking at the tables in the previous section we
can check if the spectrum of bound states is S-dual (we occasionally also need to take the
SL(3,Z) symmetry into account). We will need some identities for the generating functions:

Q(¢*)P(¢*) = Qg) (2.59)
P(=q)P(q) = P(=¢*) (2.60)
Qg)P(-¢*) = 1, (2.61)

where the last line is Euler’s famous identity which is easy to prove. The theta functions

with zero argument (theta constants) can be written in terms of infinite products as

—2q1/4H1—q )1+ ¢*%)%,

e}

03(q) = JJ(1—®)(1+ %12, (2.62)

k=1
:Hl_q Qk 1)

The theta constants satisfy the following identities (these are not all independent and are
essentially all identities of this type):

02(q)" = 63()" — 0a(9)", (2.63)
2602(¢°)* = 05(q)* — 0a(q)?, (2.64)
205(¢") = 03(q) — 0a(q) , (2.65)
203(¢%)* = 03(¢)” + 04(q)*, (2.66)
203(¢") = 03(q) + 04(q) , (2.67)
01(¢%)* = 03(¢)04(q) (2.68)

We will only check S-duality for the non-trivial cases, and take into account the sym-
metry between I' and —I" that corresponds to interchanging the two spinor representations.
For the number of states with (m,e) = ((1,1, 1), (1, —1,—1)) to agree with the dual number
we require

8Podd( )+8Pe8ven( ) 8Podd( ) 8P§ven( ) = Zpélven( )Podd( )+ipe2ven( )Podd( )
(2.69)
which can be rewritten as
P(q)°P(—=q)* + P(—q)°P(q)* + 2P(q)* P(—q)* = 2[P(¢*)* + P(—¢*)"], (2.70)

which in turn is equivalent to (R.66), using (R.60).
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For the number of states with (m,e) = ((1,T',T),(1,1,1)) to agree with the dual
number we require

S QU [Poaa() + Poven(8)° + 2P () Plta ()] (2.11)
+5Q)Poa(@)® + Poen(d)’] = 7 Plen(0) + 5 Pn(a?).
A similar analysis for (m,e) = ((1,T,T), (1, —1, —1)) leads to
S Poaa(0)° + Peven(6)® + 2P (62) Phaa() (272)
2 Q) Poaad) + Poven(d')] = +Pa(@) + S P2ag(a?).

The difference of the above two equations can be proven using (2.59), (P-61)) together
with (2.67). The sum can be proven using (B-59)—(2.61) together with (2.66) (the iden-
tity (R.6§) is also useful).

For (m,e) = ((-1,T,T),(1,1,1)) the S-duality requirement is

_Qz( )[ Odd(qz)Pélven( 2) + Podd( )Pezven( 2) + 2Pg’dd(q2)P§Ven(q2)] (273)
+5 Q( )[ odd( )Pe2ven( 4) + Pgdd(q4)Peven(q4)] = Zpélven( ) ipe2ven(q2)'

Similarly, for (m,e) = ((-1,T,T),(1,—1,—1)) we need

_Q2( )[ odd( )Pe4ven( 2) + Pcildd(q2)Pe2ven(q2) + 2P§d ( )ngen( 2)] (274)
5 Q") Poaa(0) Poen (4%) + Paala) Poen(a)] =  Paal0) — § Poaale?).

The difference of the above two equations can again be proven using (2.59)-(R.61) to-
gether with (R.67). The sum can be proven using (R.59)-(R-61]) together Wlth (B-66) (the
identity (R.69) is also useful).

Finally, S-duality for (e,m) = ((1,T',T'),(—1,T,—T")) only needs to be checked for
Spin(4k+2) and requires

1 1
§Q2(q2)Peven( ) - _Q( ) even(q4) = §Qz(q2)Podd( ) + Q( ) odd( 4) (2'75)
which is equivalent to

&N

Q*(¢*)P(¢*)P(—4¢*) = Q(a") P(q"), (2.76)
which in turn follows from (R.59)—(R.61]).

Above we only analyzed the S transformation of the S-duality group ([.6); the 7" trans-
formation of the S-duality group acts as (m,e) — (m,em) (again we use multiplicative
notation). As a perusal of the tables above show, T is also a symmetry. To conclude, we
have seen that S duality is valid provided that the number of bound states of supersym-
metric matrix quantum mechanics agree with those listed in the introduction. (It is not
difficult to convince oneself that this is the unique solution, cf. [l].) Note that the same
conclusion was obtained in our previous paper [l by considering the G = Spin(2n+1) and

G = Sp(2n) S-dual theories. However, for those cases it was the identities (.63)-(R.63)

that were relevant whereas in this paper (R.66)—(R.6§) were used.
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3. The exceptional groups

The remaining cases, i.e. G ~ G, Fy, Eg, E7, Eg, may be analyzed as follows: Each com-
ponent of the moduli space of flat connections may be described by finding a suitable
subgroup KxH C G, where K admits an almost commuting triple (ki, ko, k3) of the ap-
propriate magnetic 't Hooft flux m, and H is simple. The holonomies are then given

by

Uq ki,t1
Uy | = | k2,2 |, (3.1)
Us ks, t3

where the t;, ¢ = 1,2,3 belong to a maximal torus T" of H. The first step is to classify all
possible semi-simple subgroups of H. Such a subgroup S is unbroken precisely when the
t; are elements of the center of S. We are only interested in equivalence classes of such
choices modulo conjugation. Conjugation by elements of H corresponds to the Weyl group
of H; to take conjugation by arbitrary elements of G into account, we must also divide by
those automorphisms of H that leave the fundamental representation of G invariant. One
should then determine the unbroken subalgebra s of the Lie algebra of G in these cases.
In most cases, s is the Lie algebra of S, but in some cases it is larger, because generators
of the Lie algebra of G that do not belong to the Lie algebra of K xH may be unbroken.
As before, such a configuration contributes dim V; states. Finally, one must investigate the
transformation properties of these states under large gauge transformations, which act by
multiplication of the holonomies U; by elements of the center C' of G, to determine their
values of the electric 't Hooft flux e.

3.1 G ~Gy

This group has g¥ = 4 and a trivial center C ~ 1.

The moduli space contains a 2-dimensional component, for which K is trivial and
H ~ (5. The possible semi-simple subgroups of H are Go, SU(3), and SU(2) ® SU(2)/ ~,
where ~ denotes the equivalence relation (—1g,—13) ~ (13,13). S ~ G2 is unbroken
when the t; belong to the trivial center of G2, and this single configuration contributes
dim Vg, = 2 states (assuming that Ag, = 0). S ~ SU(3) is unbroken when the ¢;
belong to the Zg center of SU(3). Of these 27 choices, the one in which all the ¢; equal
the unit element actually has G5 symmetry and should not be taken into account. The
remaining 26 are pairwise equivalent under the complex conjugation automorphism of
SU(3), so there are 13 inequivalent configurations, each of which contributes dim Vg, 3y =1
each. Similarly, S ~ SU(2) x SU(2)/ ~ is unbroken for 8 different choices of the ¢;, one of
which actually gives unbroken Gy and should be removed, whereas the remaining 7 gives
dim Viy(9) x dim Vi 9) = 1 each.

The moduli space also contains a 0-dimensional component, for which K ~ Gy and H
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is trivial. This gives 1 state. All together, we get

K s states
1 G 2x1
su(3) 13
su(2) @ su(2) 7

Gy 0 1
23

3.2 G2F4

(3.2)

This case, with ¢¥ = 9 and C ~ 1, is rather similar to the G5 case, and we will only display

the results:

K s states
1 Fy 4x1
so(9) 2x7
su(3) @ su(3) 13
sp(6) @ su(2) 2x 7
so(8) 2x7
s0(6) @ so(3) 28
sp(4) @ su(2) @ su(2) 21
su(2) @ su(2) @ su(2) ®su(2) 7
Ga  su(2) 1
Fy 1] 1
Fy 0 1
118

3.3 GZEG

(3.3)

This group (with ¢g¥ = 12) has a non-trivial center C' ~ Zg, so we must distinguish the

cases with different values of m, and also determine the values of e.

When m is trivial, the results are

K s states e trivial e non—trivial
1 Fg 3 x 27 3 3
su(6) @ su(2) 189 7 7
su(3) @su(3) @su(3) 234 26 8

G2 su(3) 27 1
Es 0 0
Eg 0 0
39 19

(3.4)

In most of these cases, C acts non-trivially on all three holonomies, so that there is

1/27 of the total number of states for each of the single trivial and the 26 non-trivial values
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of e. The exception is the su(3) @ su(3) @ su(3) states, where C acts trivially on one of
the holonomies, so that 1/9 of the total number of states has e trivial, and the remaining

states are equally divided between the non-trivial values of e.

When m is non-trivial, there are three copies of each component corresponding to the
possible values of e. C' acts freely on these components in the direction of m and trivially
in the other two directions, so there will be an equal number of states for each value of
e parallel to m, i.e. e is trivial, equal to m or the inverse of m. One set of components
are obtained by taking K x H ~ SU(3) x Go C Eg with the branching of the adjoint

representation

78 =(8,1) @ (1,14) @ (8,7). (3.5)

Just as in the G ~ G5 case considered above, the possible unbroken Lie algebras are
s ~ Ga,su(3),su(2) @ su(2). In the s ~ Go and s ~ su(2) @ su(2) cases, the unbroken
generators are given by a subset of the (1,14) representation, and as before get 2 x 1
and 7 states respectively. The s ~ su(3) case is different though: For 4 out of the 13
configurations in which the holonomy in the direction parallel to m is trivial, 6 of the
generators of the (8,7) representation are unbroken in addition to the 8 su(3) generators in
(1,14). Together these generate an unbroken Gy algebra (which is related by conjugation
in Fjg to the ’standard’ algebra H ~ G3), so these configurations should not be counted.
Adding also the contributions from the set of components with K ~ Fg and H trivial, we

get
K S states
SU(3) G2 2x1
su(3) 9
su(2) @ su(2) 7 (3.6)
Eg 0 1
19

The appearance of 19 states both for m trivial, e non-trivial and for m non-trivial, e parallel
to m is a manifestation of S-duality.

3.4 G2E7

This case has gV = 18, C' ~ Zs, and is rather similar to the previous one. For m trivial,
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we get

K s states e trivial e non—trivial
| 6 x8 6 6
su(8) 28 7 3
su(6) @ su(3) 104 13 13
s0(12) & su(2) 3 x 56 21 21
s0(8) @ su(2) ®su(2) @su(2) 2 x 56 14 14
s0(6) @ so(6) @ su(2) 112 14 14
su(2)” 8 1 1 (3.7)
Gs sp(6) 2 % 8 2 p
Ee su(2) 8 1 1
Ee su(2) 8 1 1
Ex (Z) 1 1 0
E; 0 1 1 0
82 76

For m non-trivial, the components are come in pairs. C acts freely on these components
in the direction of m and trivially in the two remaining directions, so there will be an equal
number of states for e trivial and e equal to m. One set of components is constructed using
a K x H ~ SU(2) x F; C E7 subgroup under with the branching rule

133 = (3,1) @ (1,52) & (3, 26). (3.8)

The list of possible subgroups of Fy is of course the same as the one presented for the G ~ Fy
case. But their generators, which lie in the (1,52) representation, may be complemented
with generators from the (3,26) representation and build up larger algebras. A new feature
is that some of these algebras are not isomorphic to subalgebras of Fy. The spectrum of
states with e trivial or with e = m is

K s states
A1 F4 4x1
so(9) 2x4
su(3) @ su(3) 13
sp(6) ®su(2) 2 x4
sp(8) 2x3
s0(6) @ so(3) 16
so(5) ®so(5) 6 (39)
so(7) @ su(2 12
Spin(12) su(2) 1
E7 @
E; 0
76

Again, the appearance of 76 states for m trivial, e non-trivial and for m non-trivial, e
parallel to m is a manifestation of S-duality.
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3.5 GZEg

This case, with ¢¥ = 30 and C' ~ 1, is mopre involved but presents no particular new

features compared to the previous cases. The spectrum of states is

K s states
1 Ex 11
su(b) @ su(h) 31
su(9) 13
E; &su(2) 6x7
Eg¢ @ su(3) 3x 13
su(6) @ su(3) @ su(2) 91
su(3) @ su(3) @ su(3) @ su(3) 117
su(8) @ su(2) 28
so(16) 5x7
so(12) @ su(2) @ su(2) 3x21
s0(10) & so(6) 2 x 28
s0(8) & so(8) 2x2x7
so(8) @ su(2)* 2x7
s0(6) @ so(6) & su(2) & su(2) 42
su(2)® 7
GQ F4 4x1
so(7) @ so(3) 28 (3.10)
su(3) @ su(3) 13
sp(8) 2x7
E6 G2 3 x1
su(2) @ su(2) 7
E6 G2 Ix1
su(2) @ su(2) 7
E; su(2) 1
E; su(2) 1
Es 0 1
Eg 0 1
Eg 0 1
Es 0 1
Eg 0 1
Eg 0 1
704
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